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We determine all graphs on n > 3 vertices with 3n — 6 edges which do not contain a
subdivision of Kj5. These are exactly the graphs which one gets from any number of
disjoint maximal planar graphs by successively pasting along triangles.

1. Introduction

It was proved in [10] that every (finite, simple) graph G of order |G| > 3
with edge number ||G||>3|G|—6 contains a subdivision K5 of the complete
graph Kj. In this paper, we will characterize now the extremal graphs of this
problem, i.e. the graphs G with ||G||=3|G| -6 not containing a K.

Every triangulation G of the plane, i.e. every maximal planar graph G
with |G| >3, is an extremal graph. Let us start from vertex disjoint triangu-
lations of the plane G1,...,G,, and choose a triangle D; CG; for i€N,,. We
identify Dy C G with Dy C Gy, so getting a graph G o from G and G2. Then
one checks ||G12||=3|G12| — 6 and G o does, obviously, not contain a K.
Now we choose a triangle D 2 C G 2 and identify D19 C G2 with D3 CG3,
so getting from G2 and G5 a graph G 23 with ||G1 23| =3|G12,3] —6 not
containing a Kjs. The triangles which we identify are called triangles of at-
tachment. In this way we continue till G, and get as result an extremal
graph. The class of all graphs which we get in this way starting from any
sequence G1,...,G,, of vertex disjoint, maximal planar graphs of order at
least 4 is denoted by A. As we have seen, all graphs in A are extremal
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graphs, and the aim of this paper is to prove that every extremal graph G
with |G| >4 belongs to \A.

Theorem 1.1. If G is a graph of order at least 3 with ||G||=3|G|—6 not
containing a subdivision of K5, then G arises from vertex disjoint triangu-
lations of the plane by pasting successively along triangles.

The main tools in the proof of this theorem are the main results from [10]
and a result from [8], where K, denotes a K4 minus one edge.

Theorem M ([10]). Every 5-connected graph G with ||G||>3|G|—6 con-
tains a K, or a Ks.

Theorem D ([10]). Every graph G with ||G||>3|G|—6 and |G|> 3 contains
a K5.

In [8], A. Kézdy and P. McGuinness had deduced some properties of a
minor-minimal counterexample to Dirac’s conjecture, i.e. the statement of
Theorem D. For instance, they had proved that there is no subgraph K, in
such a graph. Checking the proof in [8] reveals that they have even shown
the following result, where G/e denotes the graph which arises from G by
contraction of the edge e.

Theorem KM ([8]). If the 5-connected graph G does not contain a K,
but for every e€ E(G),G /e contains a Ky, then K, is no subgraph of G.

(More exactly, the proof yields even the following: If a 5-connected graph
G has an edge e contained in at least two triangles such that G/e contains
a K35, then there is also a K5 in G.)

Since a triangle of attachment of a GG € A is separating the graph G, the
4-connected, maximal planar graphs are the only 4-connected graphs in A.
Hence Theorem 1.1 and Theorem D immediately imply a result conjectured
by C. Thomassen in [14].

Corollary 1.2. Every non-planar, 4-connected graph G with ||G|| > 3|G|—6
contains a subdivision of K.

We will use the terminology and notation of [10], but we need some
supplements. For {z,y} € P2(V(G)), we define GU [z,y] := (V(G), E(G) U
{[z,y]}) and G—[z,y] = (V(G), E(G)—{[x,y]}). A subgraph H C G is induced,
if G(V(H))=H. A graph G is n"-connected, if it is n-connected and every
separating vertex set T of G with |T'| =n is of the form T'= Ng(z) for an
appropriate z € V(G) (this differs somewhat from n*-connected in [10]).
A cut T of G is a separating vertex set of G with |T'|=x(G). In this paper,
the terms T-fragment F, closed T-fragment F:=G(FUT), and fragment F
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always refer to a cut T of G, and not to any separating set T" as in [10]. Then,
of course, for a fragment F' of G, the cut T belonging to F'is T'=Ng(F). If
H is a closed T-fragment of G, the corresponding fragment is H:=H-T.
We speak of a closed fragment H of G, if T := Ng(G —V(H)) is a cut
of G,H —T is a fragment of G and H is an induced subgraph of G; then
H = H—-T holds. An end of G is a minimal element of the ordered set
({F: F fragment of G},C).

For a closed T-fragment H of G, we define Sg(H) := {S C Po(T) —
E(G(T)): if HUS contains a subdivision of K5, then also G does} and set

sq(H):= max |S|. For instance, if G(T) is not complete, then {[z,y]|} €
SeSc(H)

Sq(H) for all {z,y} € Po(T)— E(G(T)) and sg(H) > 1. For, if H U [z,y]
contains a subdivision of K5, we can replace [z,y] with an x,y-path in G —
V(H —{x,y}) and get also a subdivision of K35 in G.

2. Preliminary results

In this section, we will put together some known general results and proper-
ties of graphs in A, which we will use in the proof of Theorem 1.1. We will
also use different versions of Menger’s Graph Theorem, which we will not
state, but refer the reader to section 3 in [3] or Chap. IV in [7].

Theorem 2.1 (Dirac [4]). For every set S of n vertices in an n-connected
graph G with n>2, there is a circuit C CG containing S.

For a proof, see, for instance, (2.6)(b) in Chap. XI in [7]. 1

Theorem 2.2. (a) If T is a minimally separating vertex set in a maximal
planar graph G, then G(T) is a circuit.

(b) (Tutte [15]). Let G be a 3-connected planar graph. A circuit C' of
G is a face boundary in some embedding of GG in the plane, if and only if it
is induced and non-separating. In this case, C' is a face boundary in every
embedding of G in the plane.

(a) is proved, for instance, as Theorem 7.2 (v) in [1], for a proof of (b)
see, for instance, 4.2.10 in [3] or 2.5.1 in [13]. 1

We will often use the fact that the “face boundaries of a 3-connected
planar graph” are independent of the embedding without reference to Theo-
rem 2.2(b). In the next lemma, we will state two known properties of closed
fragments, which we will often use in the following. We will leave the easy
proof (by Menger’s Theorem) to the reader.
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Lemma 2.3. (a) Let T = {tg,t1,t2,t3} be a cut of a 4-connected graph G
and let F' be a T-fragment of G with |F| > 2. Then there are two disjoint
{to,t1},{t2,t3}-paths in G(TUV (F)).

(b) Let T with |T|=n>2 be a cut of the n-connected graph G and let
F be a T-fragment of G. Consider a t €T, with |[Ng(t)NF|>keN,_; and
choose T' CT—{t} with |[T'|+k=mn—1. Then there is a t,(T —(T"U{t}))-fan
of order k in F —T".

We will now put together some properties of the graphs in A. By defini-
tion, every G € A is constructed from triangulations Gy, ...,G,, of order at
least 4 of the plane pasting successively along triangles. Then x(G;) >3 and
if T is a cut of G; with |T'|=3, then G;(T') is a triangle (by Theorem 2.2(a)).
If G; % Ky, but (G;) =3, therefore, a separating triangle T exists in Gj.
Then for the (obviously only) two components C1,Cy of G; — T, the closed
T-fragments C'; and Cy are triangulations of the plane, and pasting C'; and
Cs along T (this means here C7 UC5) gives G;. Continuing in this way, we
see that G can be constructed from graphs Hy,..., H, by pasting along tri-
angles, where every H; is isomorphic to K, or a 4-connected maximal planar
graph. These H; are called the prime factors of G and they are uniquely de-
termined by G, i.e. independent of the decomposition of G into such graphs
([17] or [5]; see also (4.3) in Chap. X in [7] or (1.12) and (1.13) in Chap. 1
in [2]). Then also the triangles of attachment are the same ones in every de-
composition of G into prime factors, namely the separating triangles of G.
It is also clear that we can begin our procedure of generating G € A with
any arbitrary prime factor of G. For G€ A, let II(G) and 7 (G) denote the
set of prime factors and separating triangles of GG, respectively.

Prop 1. For every Ge A, the following statments hold.

(a) For every edge [z,y] of P€II(G),|Np(z)NNp(y)|=2 holds.

(b) For an edge [z,y] of DeT(G),|Ng(x) N Ng(y)| >3 holds.

(c) If [z,y] € E(G) is not contained in any D € T(G), then there is
exactly one P € II(G) containing [x,y|, and we have k(z,y;G) = k(x,y; P);
in particular, k(x,y;G)=3, if P=Kj.

(d) If H C G is isomorphic to Ky, then H € II(G) holds.

Proof. These properties are easily seen. We remark only for (c), that every
induced z,y-path in G—[z,y] is contained in P (cf. (1.5)(i) in Chap. 1 of [2]).
Since every complete subgraph of GG is contained in a prime factor of G by
construction and since a 4-connected triangulation of the plane does not
contain a Ky, (d) follows. 1

Prop 2. For every G € A, the following statements hold.
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(a) K(G)>3.

(b) If T with |T'|=3 separates G, then G(T) €T (G).

(c) If T with |T| =4 is a cut of P € II(G), then P(T) = G(T) is a
quadrangle.

(d) If Q is an induced quandrangle of G, then there is exactly one P €
II(G) with QC P, and @ separates P, hence also G.

Proof. (a) is obvious. (b) Since T with |T'| = 3 does not separate any
P e II(G), it is easy to find P, # P, in II(G) with a common D € 7(G),
such that P, —T and P, —T are in different components of G —T'. Then
T =V (D) holds. (c) is a special case of Theorem 2.2(a). The first claim of
(d) follows easily from the construction of G, the second claim follows, since
P is a triangulation of the plane and since @) is induced. |

The next two properties of graphs in A are crucial for our proof.

Prop 3. Let ty,t1 and tg,ty with t; # to be pairs of non-adjacent vertices
in the graph G. If G; := G U [ty,t;] € A for i = 1,2, then [to,t;] is in no
separating triangle of G; for i = 1,2, the prime factor P; of GG; containing
[to, ;] is isomorphic to K4, and PiNP, is a triangle ty,a,b in G. Furthermore,
t1 and ty lie in the same component of G —{a,b}, but this component does
not contain tg.

Proof. Assume [tg,t1] is in D € 7(G1). Then V(D) is also separating Ga,
but G2(V (D)) is no triangle. This contradicts Prop 2(b).

Hence there is exactly one prime factor P; of G; containing [to,t;] for
i=1,2 by Prop 1(c). Let a,b be the common neighbours of {¢g,t1} in P; by
Prop 1(a). If |P1| > 5, then [a,b] ¢ E(Py) by Prop 1(d) and Py —{to,t1,a,b}
is connected. Since [to,t1] is not in a D € T(Gy), also G1 — {to,t1,a,b} =
Go—{to,t1,a,b} is connected by construction. But this contradicts Prop 2(d),
since Ga2({to,t1,a,b}) is a quadrangle.

Therefore, P, K, for i=1,2. Since [tg,t1] is not in a separating triangle
of G1,{a,b} separates ty and ¢; in G by Prop 1(c). Since {a,b} does not
separate to and t1 in Gy by Prop 2(a), t; and t9 are in the same component
of G —{a,b}, which does not contain ty. Since {a,b,t2} separates ty, and
t1 in Ga,a,b,ty is a triangle in Go by Prop 2(b), hence also in G. Since
Go({a,b,tg,ta}) =2 K4,V (Py)={a,b,tg,ta} follows by Prop 1(d). 1
Prop 4. Let {to,t2} and {t1,t3} be disjoint sets of non-adjacent vertices
in the graph G. If G; :== G U [ti,ti_;,_g] € A for i = 0,1, then tg,tq,to,t3 is
a quadrangle in G or there are adjacent vertices x1,x9 in G with N(x;) D
{to,t1,ta,t3} for i=1,2 and, furthermore, there are 2 disjoint {to,t2},{t1,t3}-
paths in G—{x1,z2}.
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Proof. We distinguish two cases.

(I) [to,t2] is contained in a DeT(Gy), say, V(D)={to,t2,t}.

Then there are at least 2 prime factors P; and P of GGy containing D.
By Prop 1(a), there is an x; € P, — V(D) with Ng(z;) D {to,t2} for i=1,2,
and, obviously, [x1,z2] € E(Gq). Since tg,x1,t2, 22 is a quadrangle @ in G,
we may assume {z1,z2} #{t1,t3}. Then Q is even an induced quadrangle in
G1 and hence belongs to exactly one prime factor P of G € A by Prop 2(d).
Obviously, P % K4, hence k(P) > 4, in particular, x(x1,2z9;P) > 4. Since
V(D) separates z1 and x5 in Gy, hence in G, we may assume that z; and ¢;
belong to the same component C; of G=V (D). Then also x2 and t3 are in the
same component Cy of G—V (D), and Cy #Cy. If z1 #t1, then {t1} UV (D)
separates 1 and x5 in P, hence is an induced quadrangle by Prop 2(c),
hence Ng(t1) 2 {to,t2}. If 21 = t1, then Ng(t1) 2 {to,t2} by definition of
x1. In the same way, one concludes N¢g(t3) 2 {to,t2}, and so tg,t1,t2,t3 is a
quadrangle in G.

(I1) [to,t2] is not contained in a separating triangle of Gy.

Then [tg,t2] is in exactly one prime factor P of Gy by Prop 1(c). There
are exactly two common neighbours x1,z5 of ¢y and ¢y in P by Prop 1(a);
set S:={tg,t2,71,22}. Then one of the following two cases occurs:

(i) G(S) is a quadrangle or

(il) Go(S)=P= K, (by Prop 1(d)).

Case (i). Hence |P|>5 and P—S is connected by Prop 2(c). Since [to, t2]
is not contained in a separating triangle of Gy and since [z1, 23] € E(G), also
Go—S=G-S is connected and hence G1—S is connected. But now Prop 2(d)
implies that G1(S) is no quadrangle, hence {t1,t3} ={x1,x2}, and tg,1,t2,t3
is a quandrangle in G.

Case (ii). Then [z1,22] € E(G) and {1,292} separates tp and t3 in G
by Prop 1(c). Since k(G1)>3,{x1,x2} cannot separate G;. Hence {x,z2}N
{t1,t3} =0 and one element of {¢1,t3}, say, t1, is in the same component of
G —{x1,x2} as to, the other element 3 is in the same component as ty. So
there are a tg,t1-path and a t9,t3-path in G — {z1,z2} which are disjoint.
Then {x1,x2,t;} separates ty and t5 in G for i=1,3, hence is a triangle in
G1 by Prop 2(b), hence also in G. So the second case in Prop 4 occurs. 1

3. Proof of Theorem 1.1

In this section, we will show that every graph G of order at least 4 with
|G||=3|G| -6, but without a K5 belongs to A. We assume that this is not
true and choose a graph G ¢ A with ||G||=3|G|—6, but without K5 of least
order |G| > 4. Then, obviously, |G| >5 and 6(G) > 3 holds by Theorem D.
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If there is an = € G with d(z) = 3, then G(N(z)) must be complete by
Theorem D and G —x € A by the choice of GG. But this would imply G € A.
Hence, we get

(1) 5(G) > 4.

Since |G|>5,G is not complete. Hence, there is a cut T' of G and we have a
decomposition of G into closed T-fragments G1,Go with V(G1)NV (G2) =T}
define G; := G; — T for i =1,2. By (1), |G;| > 5 holds for i = 1,2. We set
S :=8¢(G;) and s;:= sg(G;) for i =1,2. Choose S; € S; with |S;| =s; for
1 =1,2. By the definition of S;,G;US; does not contain a K. Therefore,
Theorem D implies

(2) ||Gi|| + si < 3|G;| — 6 for i =1,2.

By addition, we get

3G+ |T]) = 12 > [|G]| + [|G(T) || + 51 + 52 = 3|G] — 6+ ||G(D)]] + 51 + 52,
hence,

(3) 3IT| > ||G(T)|| + s1 + s2 + 6.

If G(T') is not complete, then s; >1 for i =1,2. Hence, (3) implies |T| > 3,
i.e. K(G)>3. Let us assume first |T'|=3, say, T ={to,t1,t2}. If an inaquality
in (2) is proper, then also (3) is proper. Therefore, |T'|=3=||G(T)|| implies
||Gil|=3|G;| —6 for i=1,2, hence G; € A for i=1,2 by the minimal choice
of G. Since G(T) is a triangle, this would imply G € A, in contradiction to
our assumption. Therefore, G(T) is not complete, hence s; >0 for i =1,2
and so ||G(T)|| <1 follow. Hence, there is an isolated vertex t in G(T'), say,
t=to. By (1), dg,(to) >2 for i=1 or i=2, say, for i=1. Then Lemma 2.3(b)
implies S := {[to,t;] : i = 1,2} € Sy, hence sy > 2 and so ||G(T')|| = 0. The
equality in (3) for s =1 and sy =2 shows equality in (2) for GoUS, hence
GoUS € A. Then there are x1 #x5 in Go with N(z;) 2 {to,t;} for i=1,2 by
Prop 1(a). But this shows also s1 > 2, which is not compatible with (3). So
we have shown |T'| >4, hence

(4) k(G) > 4.

The main difficulty in our proof is to show that G is even 5-connected.

This will occupy us for the next pages. So we assume now |T'| = 4, say,
T={to,t1,t2,t3}. Then (3) implies

(5) |G(T)|| + s1 + s2 < 6.
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The following property is easy to see.
(6) There is no triangle in G(T).

For assume t1,t5,t3 span a triangle. Choose any z; eGoi for i=1,2. Then by
(4), there is a z;,T-fan P}, P}, P, Pi of order 4 in G; for i=1,2. But then
G(T) UUPji contains a K5 with branch vertices z1, 29, t1, t2, t3.

(6) implies ||G(T)|| <4 and so s; >1 for i=1,2. First we consider the case
||G(T)|| =4. Then G(T) is a quadrangle by (6), say, the circuit to,¢1,t2,13,
and s; =so =1 holds by (5). Let us consider G} := G U[t;,t;42] for i=0,1.
Equality in (5) implies equality in (2), hence ||G%|| = 3|G%| -6 for i =0, 1.
By the choice of G, we have G% € A for i = 0,1. If [t;,t;12] is contained
in a separating triangle of G} for i = 0,1, then there is a z; € Gy with
N(z;) 2 {ti,tiyo} for i=0,1 by Prop 1(b). Since z; # zo implies sy > 2, we
have z1 =zy. If |G| >6, then there is a z € Gy —z1, and a z,T-fan of order 3
in G1 — z1, which exists by (4), shows again so>2. So only |G1|=5 remains
and tg,t1,t0,t3,tp is the boundary of a face of the planar graph G;. If, for
instance, [tg,f2] is not contained in a separating triangle of GY, then, by
Prop 1(c), there is a uniquely determined prime factor P of G containing
[to,t2], hence also t1,t3. Then |P|>5 and t,t1,t2,t3,t0 is the boundary of a
face of P —[tg,to].

In the same way one sees that G(T') is a face quadrangle of Gy or of
P’ —[t;,tio] for a prime factor P’ %% K4 of Gb := Gy Ut;,ti1o] for i =0 or
i=1. But this implies also G € A. This contradiction shows ||G(T)|| <3.

The case ||G(T')||=3 can be easily excluded using the following property.

(7) If ||Ga|| + 1 = 3|G3| — 6, then 6(G(T')) > 2 holds.

Let us assume, for instance, dgr(to) <1, say, [to,t;] ¢ E(G) for i=1,2. By
assumption and the choice of G,G%:=GyU[tg,t;] € A for i=1,2. By Prop 3,
there are H' 2 K 4 in G containing t¢,?; for i=1,2 which have a common
triangle ¢, a,b such that ¢; and ¢9 are in the same component of Gy —{a,b},
but ¢ is in another one. We have [t1,t9] ¢ E(G), since, otherwise, {t1,t2,a,b}
would span a K4 and (4) would provide a K5. Hence also G3 := GoU[t1, t2] € A,
and Prop 3 applied to G} and G3 now gives that for the common neighbours
of tp and ¢y, i.e. a and b, a component of Go—{a,b} contains both the vertices
to and to, which is not true as we have seen above.

(8) 5(G) > 5.

Suppose there is a z € G of degree 4. Then ||G’||4+ 1 = 3|G’| —6 holds for
G':=G—z and 6(G(N(z))) > 2 holds for the cut N(z) by (7). But this
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implies ||G(N(2))|| > 4, contradicting the yet proved fact ||G(T")|| <3 for
every cut T".

Let us assume now ||G(T)||=3. Then there is a vertex in G(T") of degree
at most 1, say, dg(1)(to) < 1. By (8), we may assume dg,(to) > 3. Then
Lemma 2.3(b) implies s; > 2, hence sy =1 by (5). So the preassumption of
(7) is satisfied and we get the contradiction §(G(T')) > 2. So we conclude
I1G(T)]]<2.

Let us now consider the case ||G(T)|| = 2. First assume that G(T") has
an isolated vertex, say, to. By (8), we may assume dg,(to) > 3. Then, by
Lemma 2.3(b) we have s1 >3, hence so=1 by (5). Then we can apply again
(7) and get the contradiction 6(G(T)) > 2. Hence G(T') must consist of two
disjoint edges, say, [to,t1] and [t2,t3].

Since |G;|>6 by (8), Lemma 2.3(a) provides two disjoint {to,t1},{t2,t3}-
paths P?, P! in G; for i = 1,2. This implies s; = s2 = 2 by (5). By (8),
dg,(to) >3 for i =1 or i =2, say, for i = 1. Then we get a to,{t2,t3}-fan
P2, P3 of order 2 in Gy —t; by Lemma 2.3(b). Say, P! is a t;,t;+o-path
for j =0,1. Then S := {[to,t2],[t1,t3]} € S2 and G := GoUS € A. Since
Q = G4H(T) is a quadrangle tg,t1,t3,t2, by Prop 2(d), there is exactly one
C e II(GY) containing @ and @ separates C. Hence there is a vertex z; in
the “interior” and vertex zo in the “exterior” of ) in C. Therefore, there is
a z;, T-fan F} F?2 F3 F! of order 4 in C for i=1,2. But then G(T)UP?*U
P3UUZ~€N2 Ujen, F! contains a K5 with branch vertices 21, 29,t0,12,t3. This
shows that we have ||G(T')|| <1.

Now we consider the case ||G(T)|| =1, say, E(G(T)) = {[to,t1]}. From
Lemma 2.3(a), we get again s; > 2 for i =1,2. Since dg, (t3) >3 for i =1
or i =2 by (8), say, for i =1, we get sy =3 and s; =2 by Lemma 2.3(b)
and (5). Since G U{[ts,t;] : i = 0,1,2} € A,ty and t3 have two common
neighbours 1,22 in Go by Prop 1(a). Hence dg,(t;) >2 for j=2,3 and so
Gfl =Gy U{[tg,tg],‘[tj,tj_g]} € A for j =2,3. Now we can apply Prop 4 to

| :=G1U][te,t3]. Since tg,t1,t2,t3 does not form a quadrangle in G, Prop 4
provides the existence of adjacent vertices x1,z2 in G with Ng, (x;) 2T for
i=1,2. Since there is a to,{to,t1 }-fan of order 2 in Go—t3 by Lemma 2.3(b),
there would be an K5 with branch vertices z1,za,t0,t1,t2 in G.

So only the case ||G(T)|| =0 remains. Let us first assume dg, (t3) =1,
say, [ts,t5] € E(G1). Since |G1]|>6 by (8), also T":={tg,t1,t2,t5} is a cut of
G, hence T" is independent in G. By (8), we may assume dg (t9) >3 for the
closed T'-fragment G := Gy —t3. By Lemma 2.3(b), we have Ss:={[to,t]:
i € N3} € Sg(G2) and by Lemma 2.3(a) we have S; € Sg(G)) for some S;
consisting of two disjoint elements of P2(T”). By Theorem D, ||GY|| <3|G/|-6
holds for G} :=G}US; and G4 :=G3USy. The addition of these inequalities
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gives ||G||—1+243=||G||+||G5|| <3(]G|+3)—12, hence the contradiction
||G|| <3|G|—"7. This contradiction proves the following assertion.

9) dg,(t) > 2 fori=1,2 and allt € T.

Let us first assume ||G1|| >3|G1|—8, hence ||G1]|=3|G1|—8 by Theorem D,
since s; > 2 by Lemma 2.3(a). By (9) and Lemma 2.3(b), we have S; :=
{[to,t1], [ti, tire]} €Sy for i=0,1. Hence G :=G1US; € A for i=0,1 by the
choice of G. Since tg,t1,t2,t3 is no quadrangle in G} := G U [tg,t1], Prop 4
implies the existence of adjacent vertices x; and x9 in Gy with N(z;) DT
and a {to,ta},{t1,t3}-path in G; —{z1,x2}, say, a to,t3-path P. Since (9)
and Lemma 2.3(b) provide a tg, {t2,t3}-fan of order 2 in G, we have a K
in G with branch vertices x1,x2,%,t2,t3. This contradiction implies (10).

(10) ||Gil| = 3|G;| — 9 fori=1,2.

Let us suppose now that there is a vertex t € T with dg,(t) =2 for i=1 or
i=2, say, dg,(to) =2. Hence dg, (tp) >3 by (8) and So:={[to,ti]:1€N3} €Ss
by Lemma 2.3(b). This implies G5 :=GaUS3 € A by (10) and choice of G.
Every [to,t;] € So is in G% in at least two triangles by Prop 1(a). Since
da, (to) = 2, say, Ng,(to) = {a1,a2}, these triangles must be tg,t;,a; and
to,t;, a9 for every i € N3. Hence N(a;) 2 T holds for i = 1,2. If |Go| > 7,
there is a z € Go — {a1,az} and by (4) there is a z,T-fan Fy,F of order 2
in Go—{a1,as}, say, ending in ¢y,t9. Together with a tg, {¢1,¢2}-fan of order
2 in Gy —t3 (by (9) and Lemma 2.3(b)), we get a K5 with branch vertices
ai,a9,to,ty,ta, if we still join a1 and as by the path aq,t3,as.

So we have seen |G| = 6, hence [a1,a2] € E(G2) by (8). The graph
G1 =G —{ay,as} is 3-connected, since a cut 7" of G1 with |T'| <2 would
provide a cut 7" :=T"U{a1,a2} of G containing an edge [ay,as] which we
had excluded before. Hence there is a circuit C' in Gy with [CNT| > 3
by Theorem 2.1, and this circuit C together with a,as gives obviously a
K5CG. This contradiction proves (11).

(11) dg,(t) >3 fori=1,2 and allt € T.

Till now our cut 1" was arbitrary. Now we assume that G is an end of G.
Then G5 has the following property.

(12) For every a € Co}'g, there is a ts, {t1,to}-fan of order 2 in Go — {a,to}.

Suppose there is a vertex ¢t #t3 separating t3 and {t1,t2} in G4 :=Go—{a,to}.
Let C be the component of G5—t containing 3. Then |C|> 1, since dg; (t3) > 2
by (11) and the independence of T'. Hence Ng(C'—t3) C{ts,t,a,to}=:T7" and
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so C' —t3 would be a T’-fragment of G properly contained in the end Go.
This contradiction proves (12).

Since Ga U {[to,ti] : i € N3} € A by (10), (11), Lemma 2.3(b), and
the choice of G, there is a common neighbour a € Gy of to and t.
Then, by (12), we see S; := {[to,t1],[ti,ti+2], [t2,t3]} € S1 for ¢ = 0,1 and
Sa = {[to,t1],[ts,to],[t3,t1]} € Si. Therefore, by (10) and the choice of
G,Gi:=G1US; € A for i=0,1 follows. Since tg,t1,t2,t3 is no quadrangle in
G = G1U{[to,t1],[t2,t3]}, Prop 4 implies the existence of adjacent vertices
x1,29 in Gy with N(z;) DT for i =1,2. Then, obviously, G; USy contains
a K5, hence G contains a Kj, since Sy €S;. This contradiction proves that
there is no separating set of G of order at most 4.

(13) k(G) > 5.
Now it is not difficult to complete the proof of Theorem 1.1.
(14) For every e € E(G),G/e contains a K.

Consider any e = [z,y] € E(G). If there are at least three zj,z9,23 €
N(x)NN(y), then there is a circuit C' C G — {x,y} containing z1, 22,23 by
Theorem 2.1, since k(G — {z,y}) > 3 by (13). Since this implies K5 C G,
we have |N(z) N N(y)| < 2, hence ||G/e|| > 3|G/e|] — 6. We may as-
sume ||G/e|| = 3|G/e| —6 by Theorem D, hence |N(x) N N(y)| = 2, say,
N(z)N N(y) = {z1,22}, and, furthermore, G/e € A by the choice of G.
Since k(G/e) >4 by (13), G/e is maximal planar. Let z be the vertex of
G /e which arises by contraction of e. Then Ng/.(2) spans a circuit C' in
G/e—z and G':=G/e— ({2} UV (C)) is connected by Theorem 2.2(b), since
k(G/e—z)>3. Let C7 and C3 be the two segments of C' between z; and zo,
and set C;:=Cj—{z1, 2} for i=1,2. If we had C;N\Ng(z) =0 or CiNNg(y)=0
for i=1,2, then GG were a maximal planar graph, in particular, G € A. Hence
we may assume C) NN (z)#0 and C; NN (y) #0. Let v be the neighbour of
21 on Oy, say, v € N(z), and choose any vertex ue C; NN (y)#0. Then we
get a K5 with branch vertices z,y, 21, 22, v using the following (non-trivial)
paths: the z1, zo-path Cy, the v,u-path on C enlarged by the edge [u,y], and
a v, z9-path over G', which exists, since G’ is connected and Ng(c)NG' # ()
for all ce C' by (8). This proves (14).

Since G is 5-connected by (13) and does not contain a K5, but for every
edge e,G/e contains a K5 by (14), we know from Theorem KM that G
does not contain a subgraph K, . But this contradicts Theorem M, and
Theorem 1.1 is proved. |
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Concluding remarks

Let P be any property for graphs. A graph G is edge-mazimal without P,
if G does not have property P, but for every {z,y} € P2(V(G)) — E(G),
the graph G U [z,y] has property P. Let, for instance, P be the property
to contain a K. Then it is well known that the edge-maximal graphs of
order at least 3 without P are exactly the graphs which one gets from ver-
tex disjoint triangles by successively pasting along edges (see, for instance,
Proposition 8.3.1 in [3]). In [16], all edge-maximal graphs without a minor
K5 have been determined: one gets them from the maximal planar graphs
and a special 3-reqular graph W (which consists of a circuit of length 8 and
the 4 main diagonals) by successively pasting along triangles and (if not both
are in a triangle) along edges. (Cf. also Theorem 5 and [6].)

For the remaining, let P be the property to contain a Kjs. Let B denote
the class of all edge-mazimal graphs without a K. If one hopes that there
is a similar construction for B as in both the cases described above, one
should consider the subclass By of B which consists of all G € B which
have no separating complete graph. For instance, A C B and every maximal
planar graph without a separating triangle is in By. Knowing By, one gets
immediately again all graphs in B by successively pasting graphs from By
along complete graphs. But there is such a lot of graphs in B, that I am
afraid, there is no chance to characterize them. In the following, we will give
a few examples. In this, Z,, denotes the integers modulo n.

(1) Define Gsyy, := (Zgp U{s1,52,83},{[i,i+1]:1 € Zsp, } U{[si,j]:i€Ng,j €
Z3m, and j=1i( mod 3)}U{[s;,s;]:4,j €Nz and i# j}. Then one can check
Gsm U[1,3] € By for all m>3.

(2) The graph F from Figure 6 in [11] and the graph H from Figure 1 in
[12] are 3-connected and 3<d(x)<4 holds for all vertices z. One can check
that F' and H belong to By. F' has 16 vertices and girth 5, whereas H has 21
vertices and girth 6. I suppose that By contains graphs of arbitrarily large,
finite girth.

(3) Let G % K4 be a 3-regular, 3"-connected graph. A construction of
these graphs is given, for instance, in [18] and [9]. (Notice that for a 3-
regular graph non-isomorphic to the (triangular) prism K3 x Ky, the three
concepts “3T-connected”, “%—edge—connected”, and “cyclically 4-connected”
coincide.) Let the quadrangle Q: q1,¢2,¢3, g4 and the graph G’ be as described
in the following case a or case b.

Case a. Let q1,¢2,q3,q4 be a quadrangle in G' and set G':=G.
Case b. Let ¢1,¢2,¢q3,q4 be an induced path of length 3 in G2 K3 x K5 and
let @ be the quadrangle q1,q2,¢3,q4 in G':==GU|[q1,q4].
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It is easy to see that @ is induced in G’ and that G' —V(Q) = G —
V(Q) is connected. Then one checks without difficulty that the graph G:=
G'U{[q1,q3].[q2,q4]} is in By. (Notice that K33 is the only 3-regular , 3*-
connected graph which contains a cut 7' such that G —T has more than 2
components.) ‘

(4) Let G be a 4-connected graph without a K5. We will give some
examples below. By addition of some edges to G, one gets a graph G € B.
But then even G € By holds, since a separating complete graph of G would
have at least 4 vertices and hence K5 C G would follow.

(a) Consider m disjoint copies K!,..., K™ of K3 3, where the independent
sets of K are {a},ab,al} and {b%,b},b5}. With 2, # 2, not in | V(KY)

1€ENy,
define L,, := ({za,mb}u U V(KYH, U E(K")U{[bé,a;*l] :1€N,,_1 and
€Ny, €Ny,
jEN3YU{[za,al]:j €Nz U{[D7, 2] : j ENg}U{[za,mb]}). Then #(Ly,) = 4
holds, and one can check L,, € By for all meN.

(b) The graph C?, := C,,[K] arises from a circuit C,, of length m re-
placing every vertex of C,, with two non-adjacent vertices. Then C2, is 4-
connected, non-planar and belongs to By for all m > 6 (see Example (5.2)
in [10]).

(c) Define Zp, :=(Zm,{[i,i+j]:i € Zy, and j=1,2}) for m>6. Then Z,,
is 4-regular and 4-connected, does not contain a K5 and for odd m, it is not
planar. But, in general, Z,, ¢ B3, since for x and y of distance at least 3 in
Zm, ZmU[z,y] does also not contain a Kj (see Example (5.3) in [10]).
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